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■st♦q♥♦ ❙❛r❛❥❡✈♦✱ ✶✵④✶✶✳ ♠❛❥ ✷✵✶✹✳

P❘❱■ ❉❆◆

✶✳ ❉❛t❛ ❥❡ ❦r✉✙♥✐❝❛ k ✐ ♥❛ ✟♦❥ t❛q❦❡ A ✐ B ❦♦❥❡ ♥✐s✉ ❞✐❥❛♠❡tr❛❧♥♦ s✉♣r♦t♥❡✳
◆❛ ♠❛✟❡♠ ❧✉❦✉ AB ❞❛t❛ ❥❡ t❛q❦❛ C✳ ◆❡❦❛ s✉ D✱ E✱ F ♣♦❞♥♦✙❥❛ ♥♦r♠❛❧❛ ✐③
t❛q❦❡ C ♥❛ t❡t✐✈✉ AB ✐ t❛♥❣❡♥t❡ ❦r✉✙♥✐❝❡ k ✉ t❛q❦❛♠❛ A ✐ B✳ ❉♦❦❛③❛t✐ ❞❛ ❥❡
CD =

√
CE · CF ✳

✷✳ ◆❡❦❛ s✉ a✱ b✱ c r❛③❧✐q✐t✐ r❡❛❧♥✐ ❜r♦❥❡✈✐✳

i) ■③r❛q✉♥❛t✐ ✈r✐❥❡❞♥♦st ✐③r❛③❛

a)
1 + ab

a− b
· 1 + bc

b− c
+

1 + bc

b− c
· 1 + ca

c− a
+

1 + ca

c− a
· 1 + ab

a− b
,

b)
1− ab

a− b
· 1− bc

b− c
+

1− bc

b− c
· 1− ca

c− a
+

1− ca

c− a
· 1− ab

a− b
.

ii) ❉♦❦❛③❛t✐ ♥❡❥❡❞♥❛❦♦st

1 + a2b2

(a− b)2
+

1 + b2c2

(b− c)2
+

1 + c2a2

(c− a)2
≥ 3

2
.

❉❛ ❧✐ ♠♦✙❡ ♥❛st✉♣✐t✐ ③♥❛❦ ❥❡❞♥❛❦♦st✐❄

✸✳ ◆❛✎✐ s✈❛ r❥❡①❡✟❛ ❥❡❞♥❛q✐♥❡ 7x−2·5y = −1 ✉ s❦✉♣✉ ♥❡♥❡❣❛t✐✈♥✐❤ ❝✐❥❡❧✐❤ ❜r♦❥❡✈❛✳

❉❘❯●■ ❉❆◆

✹✳ ◆✐③ (an) ③❛❞♦✈♦✠❛✈❛ ✉s❧♦✈❡ a1 =
1

2
, am =

am−1

2m · am−1 + 1
, m > 1.

❖❞r❡❞✐t✐ ③❜✐r a1 + a2 + · · ·+ ak✱ ③❛ ♣r♦✐③✈♦✠♥♦ k ∈ N✳

✺✳ ❩❛❞❛t ❥❡ ♣r❛✈✐❧♥✐ n−t♦✉❣❛♦✱ n ≥ 6✳ ❑♦❧✐❦♦ ✐♠❛ tr♦✉❣❧♦✈❛ s❛ t❥❡♠❡♥✐♠❛ ✉ t❥❡✲
♠❡♥✐♠❛ n−t♦✉❣❧❛ ❦♦❥✐♠❛ s✉ str❛♥✐❝❡ ❞✐❥❛❣♦♥❛❧❡ t♦❣ n−t♦✉❣❧❛❄

✻✳ ◆❡❦❛ s✉ D ✐ E r❡❞♦♠ ♣♦❞♥♦✙❥❛ ✈✐s✐♥❛ ✐③ t❥❡♠❡♥❛ A ✐ B tr♦✉❣❧❛ ABC✱ F
♣r❡s❥❡q♥❛ t❛q❦❛ s✐♠❡tr❛❧❡ ✉❣❧❛ C s❛ str❛♥✐❝♦♠ AB✱ ❛ O✱ I ✐ H r❡❞♦♠ ❝❡♥t❛r
♦♣✐s❛♥❡ ❦r✉✙♥✐❝❡✱ ❝❡♥t❛r ✉♣✐s❛♥❡ ❦r✉✙♥✐❝❡ ✐ ♦rt♦❝❡♥t❛r tr♦✉❣❧❛ ABC✳ ❆❦♦ ❥❡
CF

AD
+

CF

BE
= 2 , ❞♦❦❛③❛t✐ ❞❛ ❥❡ OI = IH✳
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✶✳ ❚❛q❦❡ D ✐ E ♣r✐♣❛❞❛❥✉ ❦r✉✙♥✐❝✐ ♥❛❞ ♣r❡q♥✐❦♦♠ AC ❛ t❛q❦❡ D ✐ F ♣r✐♣❛❞❛❥✉
❦r✉✙♥✐❝✐ ♥❛❞ ♣r❡q♥✐❦♦♠ BC✳ Pr❛♠❛ t♦♠❡✱ q❡t✈♦r♦✉❣❧♦✈✐ ADCE ✐ BDCF s✉
t❡t✐✈♥✐✳ ■♠❛❥✉✎✐ t♦ ✉ ✈✐❞✉ ✐ ❦♦r✐st❡✎✐ ❥❡❞♥❛❦♦st ✉❣❧♦✈❛ ✐③♠❡✍✉ t❛♥❣❡♥t❡ ✐
t❡t✐✈❡ ✐ ♣❡r✐❢❡r✐❥s❦♦❣ ✉❣❧❛ ♥❛❞ t❡t✐✈♦♠✱ ❞♦❜✐❥❛♠♦

∠EDC = ∠EAC = ∠ABC = ∠DFC.

❆♥❛❧♦❣♥♦ s❡ ❞♦❦❛③✉❥❡ ❞❛ ❥❡ ∠FDC = ∠DEC✳ ■③ ❥❡❞♥❛❦♦st✐ ♦✈✐❤ ✉❣❧♦✈❛ s❧✐❥❡❞✐
❞❛ ❥❡ tr♦✉❣❛♦ EDC s❧✐q❛♥ s❛ tr♦✉❣❧♦♠ DFC✱ ♦❞❛❦❧❡ s❧✐❥❡❞✐

CD

CE
=

CF

CD
,

t❥✳ CD =
√
CE · CF ✳

✷✳ i) a) ◆❛❦♦♥ s✈♦✍❡✟❛ ♥❛ ③❛❥❡❞♥✐q❦✐ s❛❞r✙❛❧❛❝ ✐ sr❡✍✐✈❛✟❛ ❞♦❜✐❥❛ s❡ ❞❛ ❥❡
✈r✐❥❡❞♥♦st ✐③r❛③❛ ❥❡❞♥❛❦❛ ✶✳

b) ❙❧✐q♥♦ ❦❛♦ ♣♦❞ a) ❞♦❜✐❥❛ s❡ ❞❛ ❥❡ ✈r✐❥❡❞♥♦st ✐③r❛③❛ ❥❡❞♥❛❦❛ −1✳

ii) ❑♦r✐st✐✎❡♠♦ ♣♦③♥❛t❡ ♥❡❥❡❞♥❛❦♦st✐ x2+y2+z2 ≥ xy+yz+zx ✐ x2+y2+z2 ≥
−2(xy + yz + zx)✱ ❦♦❥❡ ✈r✐❥❡❞❡ ③❛ ♣r♦✐③✈♦✠♥❡ r❡❛❧♥❡ ❜r♦❥❡✈❡ x✱ y ✐ z✱ ❦❛♦ ✐
✐❞❡♥t✐t❡t 2(t2 + u2) = (t+ u)2 + (t− u)2✳ ❉❛❦❧❡✱ ✐♠❛♠♦

2

(

1 + a2b2

(a− b)2
+

1 + b2c2

(b− c)2
+

1 + c2a2

(c− a)2

)

=

(

1 + ab

a− b

)2

+

(

1 + bc

b− c

)2

+

(

1 + ca

c− a

)2

+

+

(

1− ab

a− b

)2

+

(

1− bc

b− c

)2

+

(

1− ca

c− a

)2

≥ 1 + ab

a− b
· 1 + bc

b− c
+

1 + bc

b− c
· 1 + ca

c− a
+

+
1 + ca

c− a
· 1 + ab

a− b
+ (−2)

(

1− ab

a− b
· 1− bc

b− c
+

1− bc

b− c
· 1− ca

c− a
+

1− ca

c− a
· 1− ab

a− b

)

=

= 1 + (−2) · (−1) = 3.

❏❡❞♥❛❦♦st ♠♦✙❡ ♥❛st✉♣✐t✐ ③❛ a = −
√
3✱ b = 0 ✐ c =

√
3✳

✸✳ ❩❛ y < 3 ❞♦❜✐❥❛♠♦ r❥❡①❡✟❛ (0, 0) ✐ (2, 2)✳
◆❡❦❛ ❥❡ y > 3✳ ❘❛③♠❛tr❛❥✉✎✐ ♦st❛t❦❡ ♣♦ ♠♦❞✉❧✉ ✹ ③❛❦✠✉q✉❥❡♠♦ ❞❛ ❥❡ x ♣❛r❛♥✱ ❛
r❛③♠❛tr❛❥✉✎✐ ♦st❛t❦❡ ♣♦ ♠♦❞✉❧✉ ✸ ③❛❦✠✉q✉❥❡♠♦ ❞❛ ❥❡ y ♣❛r❛♥✳
❉❛❦❧❡ x = 2x1 ✐ y = 2y1✱ x1, y1 ∈ N✱ y1 > 1✳ ■③ t❛❜❧✐❝❡ ♦st❛t❛❦❛

n 1 2 3 4 5 6 7 8 9 10
49n (mod 125) 49 26 24 51 −1 −49 −26 −24 −51 1

③❛❦✠✉q✉❥❡♠♦ ❞❛ ♠♦r❛ ❜✐t✐ x1 = 10x2 + 5 (x2 ∈ N)✳

❙❛❞❛ ❥❡❞♥❛q✐♥❛ ♣♦♣r✐♠❛ ♦❜❧✐❦

4910x2+5 + 1 = 2 · 25y1 , t❥✳ (495)2x2+1 ≡ 0 (mod 495 + 1)

♦❞❛❦❧❡ s❧✐❥❡❞✐ ❞❛ ❜r♦❥ 495+1 = (49+1)(494−493+492−49+1) ♠♦r❛ ❜✐t✐ ❞❥❡❧✐t❡✠
❜r♦❥❛ 2 · 25y1 ✳ ❉❛❦❧❡✱ 494 − 493 +492 − 49+ 1 tr❡❜❛ ❜✐t✐ st❡♣❡♥ ❜r♦❥❛ ✺✳ ▼❡✍✉t✐♠✱
♦✈♦ ♥❡ ♠♦✙❡ ❜✐t✐ ③❜♦❣

494 − 493 + 492 − 49 + 1 ≡ (−1)4 − (−1)3 + (−1)2 − (−1) + 1 ≡ 5 (mod 25).

❉❛❦❧❡✱ ❥❡❞✐♥❛ r❥❡①❡✟❛ ❞❛t❡ ❥❡❞♥❛q✐♥❡ s✉ ♣❛r♦✈✐ (0, 0) ✐ (2, 2)✳
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✹✳ ■③ ✉s❧♦✈❛ ③❛❞❛t❦❛ s❧✐❥❡❞✐ ❞❛ ❥❡

(1) am =
1

2m+ 1/am−1

.

◆❡❦❛ ❥❡ bm =
1

am
, m ∈ N✳ ■③ (1) s❧✐❥❡❞✐ ❞❛ ❥❡ bm = 2m + bm−1✱ ♦❞❛❦❧❡ ✭♠❛t❡♠✲

❛t✐q❦♦♠ ✐♥❞✉❦❝✐❥♦♠ ✐❧✐ t❡❧❡s❦♦♣✐r❛✟❡♠ ✮ ❞♦❜✐❥❛♠♦ ❞❛ ❥❡ bm = m(m+1)✳ ❉❛❦❧❡✱

am =
1

m(m+ 1)
=

1

m
− 1

m+ 1
,

♦❞❛❦❧❡ s❧✐❥❡❞✐ ❞❛ ❥❡ a1 + a2 + · · ·+ ak = 1− 1

k + 1
=

k

k + 1
.

✺✳ ◆❡❦❛ ❥❡ A1A2 . . . An ♣r❛✈✐❧♥✐ n−✉❣❛♦✳ P♦s♠❛tr❛❥♠♦ tr❛✙❡♥❡ tr♦✉❣❧♦✈❡ ❦♦❥✐♠❛ ❥❡
❥❡❞♥♦ t❥❡♠❡ A1✳ ❚♦ t❥❡♠❡ s❡ ♠♦✙❡ s♣♦❥✐t✐ s❛ ❜✐❧♦ ❦♦❥❛ ❞✈❛ t❥❡♠❡♥❛ t♦❣ n−t♦✉❣❧❛✱
♦s✐♠ s❛ A1 ✐ An✳ ❚❛❦✈❡ ❞✈✐❥❡ t❛q❦❡ ♠♦✙❡♠♦ ✐③❛❜r❛t✐ ♥❛

(n− 3
2

)

♥❛q✐♥❛✳

❖❞ ♦✈♦❣ ❜r♦❥❛ ♠♦r❛♠♦ ♦❞✉③❡t✐ ❜r♦❥ tr♦✉❣❧♦✈❛ ♦❜❧✐❦❛ A1AkAk+1✱ k ∈ {3, 4, . . . , n−
2}✱ ❦♦❥✐❤ ✐♠❛ n − 4✱ ♣❛ ❥❡ A1 t❥❡♠❡

(n− 3
2

)

− (n − 4) t❛❦✈✐❤ tr♦✉❣❧♦✈❛✳ ❆❦♦ ♦✈❛❥
♣♦st✉♣❛❦ ♣♦♥♦✈✐♠♦ ✐ ③❛ ♦st❛❧❛ t❥❡♠❡♥❛✱ s✈❛❦✐ tr♦✉❣❛♦ ✎❡♠♦ r❛q✉♥❛t✐ ✸ ♣✉t❛✱ ♣❛
❥❡ tr❛✙❡♥✐ ❜r♦❥ tr♦✉❣❧♦✈❛ ❥❡❞♥❛❦

1

3
· n ·

((

n− 3

2

)

− (n− 4)

)

=
n(n− 4)(n− 5)

6
.

✻✳ ◆❡❦❛ ❥❡ BC = a✱ AC = b✱ ∠ACB = γ✱ ∠CAB = α✱ CF = sc✳
❑❛❦♦ ❥❡ P△ABC = P△AFC + P△BFC✱ s❧✐❥❡❞✐ ❞❛ ❥❡

1

2
bsc sin

γ

2
+

1

2
asc sin

γ

2
=

1

2
ab sin γ, t❥✳ sc =

2ab cos(γ/2)

a+ b
.

❑❛❦♦ ❥❡ AD = b sin γ ✐ BE = a sin γ✱ ❞♦❜✐❥❛♠♦ ❞❛ ❥❡

CF

AD
+

CF

BE
=

2a cos(γ/2)

(a+ b) sin γ
+

2b cos(γ/2)

(a+ b) sin γ
=

1

sin(γ/2)

(

a

a+ b
+

b

a+ b

)

=
1

sin(γ/2)
.

❖❞❛✈❞❡✱ ♥❛ ♦s♥♦✈✉ ❞❛t♦❣ ✉s❧♦✈❛ s❧✐❥❡❞✐ ❞❛ ❥❡ sin(γ/2) = 1/2✱ t❥✳ γ = 60◦✳

◆❡❦❛ ♣r❛✈❛ CF s✐❥❡q❡ ❦r✉✙♥✐❝✉ ♦♣✐s❛♥✉ ♦❦♦ tr♦✉❣❧❛ ABC ✉ t❛q❦✐ M ✳ ❚❛❞❛ ❥❡
OM ⊥ AB✳ ▼❡✍✉t✐♠✱ ❦❛❦♦ ❥❡ CH ⊥ AB✱ s❧✐❥❡❞✐ ❞❛ ❥❡ ∠OMC = ∠MCH✱ t❥✳
∠OCM = ∠MCH✳

■③ tr♦✉❣❧❛ HCE ❞♦❜✐❥❛♠♦ ❞❛ ❥❡ CH =
CE

sinα
✱ ♣♦①t♦ ❥❡ ∠EHC = 90◦ − ∠ECH =

90◦ − (90◦ − α) = α✳ ■③ tr♦✉❣❧❛ BCE ✐♠❛♠♦ ❞❛ ❥❡ CE =
a

sinα
cos γ = 2R cos γ✱ ❛

❦❛❦♦ ❥❡ γ = 60◦ ❞♦❜✐❥❛♠♦ ❞❛ ❥❡ CH = R✳

❖❞❛✈❞❡ s❧✐❥❡❞✐ ❞❛ s✉ tr♦✉❣❧♦✈✐ CHI ✐ COI ♣♦❞✉❞❛r♥✐✱ ♦❞❛❦❧❡ ❞♦❜✐❥❛♠♦ ❞❛ ❥❡
OI = IH✱ ①t♦ ❥❡ ✐ tr❡❜❛❧♦ ❞♦❦❛③❛t✐✳

✸
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■st♦q♥♦ ❙❛r❛❥❡✈♦✱ ✶✵④✶✶✳ ♠❛❥ ✷✵✶✹✳
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♠❡❞❛✠❛

1. ▼✐❧✐❝❛ ✝✉❦✐✎✱ Pr✟❛✈♦r 7 2 7 7 7 7 37 ③❧❛t♦

2. ▲❛♠✐❥❛ ❑✉❥❛♥✱ ❙❛r❛❥❡✈♦ 7 2 6.5 7 7 7 36.5 ③❧❛t♦

3. ◆❡✐r❛ ❑✉rt♦✈✐✎✱ ❙❛r❛❥❡✈♦ 7 3 7 7 7 2 33 sr❡❜r♦

4. ❘✐❥❛❞ ▼✉♠✐♥♦✈✐✎✱ ❙❛r❛❥❡✈♦ 7 2 2 7 7 7 32 sr❡❜r♦

5. ❉❡♠✐r P❛♣✐✎✱ ❙❛r❛❥❡✈♦ 7 1 2 7 7 7 31 ❜r♦♥③❛

5. ❆❜❞✉❧❛❤ ❏❛①❛r❡✈✐✎✱ ❙❛r❛❥❡✈♦ 7 3 7 7 7 0 31 ❜r♦♥③❛

7. ❆❞♥❛♥ ❑r❡❤♦✱ ❙❛r❛❥❡✈♦ 7 3 1 7 7 4 29
8. ❆♥❡s ❱❛❧❡♥t✐✎✱ ❙❛r❛❥❡✈♦ 7 6 1 7 7 0 28
9. ▼✐❧✐❝❛ ❇❛❜✐✎✱ ❇❛✟❛ ▲✉❦❛ 7 3 2 7 6 2 27
9. ❙❧❛✈❡♥ ❇❛❥✐✎✱ ❇❛✟❛ ▲✉❦❛ 7 2 2 7 7 2 27

11. ✂❡♥✐s P❡♣✐✎✱ ❙❛r❛❥❡✈♦ 7 2 3.5 7 7 0 26.5
12. ❍❛r✐s ❇r❦✐✎✱ ❙❛r❛❥❡✈♦ 7 2 2 7 6 2 26
12. ▼✐r③❛ ❆r♥❛✉t✱ ●r❛q❛♥✐❝❛ 7 2 2 7 6 2 26
14. ■✈♦♥❛ ❏✉r♦①❡✈✐✎✱ ❇r❛t✉♥❛❝ 7 2 2 7 7 0 25
14. ❆❞♥❛♥ ●♦❜❡✠✐✎✱ ❙❛r❛❥❡✈♦ 7 2 2 7 7 0 25
16. ❆❞✐s❛ ❇♦❧✐✎✱ ❇✐❤❛✎ 7 2 1.5 7 7 0 24.5
16. ▼✐❧❛♥ ❑✉③♠❛♥♦✈✐✎✱ ❇❛✟❛ ▲✉❦❛ 7 2 1.5 7 7 0 24.5
18. ❆❥❞✐♥ ▼✉❤❛r❡♠♦✈✐✎✱ ❩❡♥✐❝❛ 7 2 1 7 7 0 24
18. ❩❧❛t❦♦ ❙❛❧❦♦ ▲❛❣✉♠✡✐❥❛✱ ❙❛r❛❥❡✈♦ 7 2 2 7 6 0 24
20. ❆♠✐❧❛ ❙❛❜✠✐❝❛✱ ❙❛r❛❥❡✈♦ 7 2 2 7 0 0 18
20. ❉✐♥❛ ❙❛r❛❥❧✐✎✱ ❙❛r❛❥❡✈♦ 2 2 0 7 7 0 18
22. ✝♦r✍❡ ▼✐tr♦✈✐✎✱ Pr✐❥❡❞♦r 7 2 1 0 7 0 17
23. ❉✐♥ ❇♦st❛♥✡✐✎✱ ❙❛r❛❥❡✈♦ 7 1 1.5 7 0 0 16.5
23. ❆❧❡❦s❛♥❞❛r ❏❡❧✐✎✱ ❇❛✟❛ ▲✉❦❛ 2 2 1.5 7 4 0 16.5
25. ❚❛r✐❦ ■❜r❛❤✐♠♣❛①✐✎✱ ❇✐❤❛✎ 7 2 1.5 3 2 0 15.5
26. ◆✐❦✐❝❛ P❡r✐✎✱ ❳✐r♦❦✐ ❇r✐❥❡❣ 3 0 1.5 3 7 0 14.5
27. ◆✐❦♦❧✐♥❛ ❘❛❞✐q✐✎✱ ●r❛❞✐①❦❛ 5 0 2 0 5 0 12
28. ❉♦♠❛❣♦❥✲❑r❡①✐♠✐r ❏✉❦✐✎✱ ✑❡♣q❡ 0 2 1 6 2 0 11
29. ❱❛s✐❧✐❥❡ P❛♥t✐✎✱ ❇✐❥❡✠✐♥❛ 0 2 1.5 7 0 0 10.5
30. ❏❡❧❡♥❛ ▲❛③✐✎✱ ❇✐❥❡✠✐♥❛ 7 1 2 0 0 0 10
30. P❡t❛r ❙❛♠❛r✡✐✎✱ ◆❡✈❡s✐✟❡ 7 1 1 1 0 0 10
32. ❏♦✈❛♥❛ ❖❜r❛❞♦✈✐✎✱ Pr✐❥❡❞♦r 7 2 0.5 0 0 0 9.5
33. ❆❥❧❛ ◆✉r❦❛♥♦✈✐✎✱ ❚✉③❧❛ 3 2 2 0 0 2 9
34. ▼✐♦❞r❛❣ ❏❡✈t✐✎✱ ❉♦❜♦❥ 2 0 1 0 4 0 7
35. ▲✉❦❛ ❆❜r❛♠✉①✐✎✱ ❩❡♥✐❝❛ 0 0 1.5 5 0 0 6.5
36. ❆♠❛r ❍❛❧✐❧♦✈✐✎✱ ❙❛r❛❥❡✈♦ 3 2 1 0 0 0 6
37. ❉❛♠❥❛♥ ❱✉❦❛❧♦✈✐✎✱ ❚r❡❜✐✟❡ 0 2 1 0 2 0 5
38. ✝♦r✍❡ ❏♦❥✐✎✱ ❋♦q❛ 0 2 2 − − − 4
39. ❩❞r❛✈❦❛ P♦❦r❛❥q✐✎✱ ❙❛r❛❥❡✈♦ 1 2 1 0 0 0 4
39. P❛tr✐❦ ▼✐❥❛t♦✈✐✎✱ ❖✡❛❦ 1 2 1 0 0 0 4
41. ▼❛t❡❥ ❏✉❦✐✎✱ ✑❡♣q❡ 0 2 1 0 0 0 3
41. ■✈♦♥❛ ❘❛❣✉✙✱ ❙t♦❧❛❝ 0 2 1 0 0 0 3
43. ❉✉❜r❛✈❦♦ ❚♦♠✐✎✱ ✑❡♣q❡ 0 0 1.5 0 0 0 1.5
44. ❆♥✍❡❧❛ ❙♣❛❥✐✎✱ ❳✐r♦❦✐ ❇r✐❥❡❣ 0 0 1 0 0 0 1
45. ■✈♦♥❛ ▼❛r✐✎✱ ❳✐r♦❦✐ ❇r✐❥❡❣ 0 0 0 0 0 0 0
45. ▼❛rt✐♥❛ ❏✉r✐q✱ ▲✐✈♥♦ 0 0 0 0 0 0 0
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